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ABSTRACT
Using self-consistent field theory, we systematically explore the microphase separation in the class of two-component miktoarm star copoly-
mers containing a single conjunction point between different blocks by considering an extended list of candidate microphases. We plot
mean-field phase diagrams in the plane of segregation strength and composition for an array of representative star copolymers. Three prin-
cipal phase diagram topologies, dictated by different phase stabilities, are exposed, displaying a hierarchy in complexity by increasing the
molecular asymmetry. Our investigation indicates that the phase diagram topology depends on the ratios of arm numbers and Kuhn segment
lengths, which highlights the role of the coordination number ratio between different polymers at the domain interface. These findings reveal
the simplicity of the general phase behavior and suggest a complete list of stable microphases for the entire class, which provide useful insight
into studying copolymers with more complicated architectures and conformational properties.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0037979., s

I. INTRODUCTION

Block copolymers, consisting of two or more chemically dis-
tinct monomers, comprise an important class of materials.1 Due to
the immiscibility between different polymer species and the con-
straint of chain connectivity, block copolymers can microphase sep-
arate to form ordered phase structures at mesoscale under the ther-
modynamic driving force, providing a unique and facile avenue to
nanofabrication. The high tunability of chain architecture, chemical
species, and molecular weight makes block copolymers a versatile
platform for designing functional materials.2–5 Exploring the rela-
tionship between copolymer molecular properties and phase behav-
iors is key for the rational design. Nevertheless, this is a daunting
task for experimental studies via controlled synthesis and charac-
terization,6–10 while theory and simulation show distinct advantages
in sweeping the related parameter space and essentially provide
valuable guidance.

There have been a few theoretic attempts on exploring the
effects of chain architectures on the copolymer phase behavior.11–15

For example, de la Cruz and Sanchez11 computed the spinodal
boundaries for AB2, AnBn, and (AB)n miktoarm star copolymers
by using a random phase approximation (RPA),16 which cap-
tures the variation in the stability limit of the homogeneous phase
with changing copolymer architectures. Milner,12 based on strong-
stretching theory (SST),17 compared the free energies among the
classical lamellar (L), hexagonally packed cylindrical (C), and body-
centered cubic spherical (S) phases, as well as an OBDD dou-
ble diamond network phase, for AmBn stars. A molecular asym-
metry parameter ϵ ≡ (n/m)(ρ0Ab2

A/ρ0Bb2
B)

1/2 was derived, which
combines the ratio of arm numbers (n/m), the ratio between the
Kuhn segment lengths of A and B (bA/bB), and the density ratio
(ρ0A/ρ0B). From SST, the minimized free energies of those phases
are shown to solely depend on ϵ and copolymer composition, lead-
ing to identical phase boundaries for star copolymers of the same
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ϵ in the limit of infinite segregation strength.12 More recently,
Matsen14 updated mean-field phase diagrams of AB diblocks and
AB2 stars and extended the calculations for (AB)9 stars, infinite
alternating linear, and infinite comb-like structures through self-
consistent field theory (SCFT), which further implies that dif-
ferent copolymers sharing the same architecture units, follow-
ing a decomposition principle,6–8 have equivalent phase diagram
topologies.

Despite making informative predictions, RPA and SST, invok-
ing strict assumptions in different limits, have difficulties in probing
microphases with complex structures, as well as accurately studying
the practically relevant intermediate-segregation regime. By con-
trast, the numerical solution of SCFT offers a generic approach
to investigating inhomogeneous polymeric systems with arbitrary
complexity at different segregation strengths.1,18 Since the semi-
nal work of Matsen and Schick on using a spectral method was to
solve modified diffusion equations,19 SCFT emerges as a powerful
tool for studying copolymer phase behaviors. Using SCFT, mean-
field phase diagrams were constructed for various two-component
block copolymers as a function of χN and f A, where χ is the Flory–
Huggins interaction parameter between A and B statistical segments,
N is the degree of polymerization of the copolymer, and f A is
the volume fraction of A segments.13,14,19–47 Meanwhile, new equi-
librium microphases were predicted/examined by SCFT, including
double gyroid (G),19 closed-packed spherical (Scp),24 Fddd (O70),29

Frank–Kasper A15,13,28 perforated lamellar (PL),14 and Frank–
Kasper σ38 phases. These findings expand the repository of realiz-
able phase structures, while calling for the revisit of relevant phase
diagrams.

In this work, we employ a systematic SCFT investigation to
study the microphase separation in the class of AmBn star copoly-
mers containing a single conjunction point (namely, connector),
which is a basic generation of two-component copolymers. The
overarching goal is to present state-of-the-art phase diagrams in the
χN–f A plane for typical members (with identical A/B arms), while
exploring the relationship between copolymer molecular properties
and self-assembled phase structures. We inspect the effects of archi-
tecture asymmetry, τa = n/m, and conformational asymmetry, τc
= bA/bB, on the phase diagram and further compare the results
with the predictions from RPA and SST.11,12,15 Our investigation,
identifying key phase diagram features, serves to depict a general
microphase behavior in the three-dimensional (3D) phase space by
adding the molecular asymmetry as another axis to χN and f A (see
Fig. S1 of the supplementary material).

II. METHODS
We invoked an incompressible field-theoretic model of

monodisperse copolymers based on continuous Gaussian chain
statistics.1,18 For simplicity, we assumed a fixed reference volume,
v0, per statistical segment and chose the volume-average segment
density ρ0A = ρ0B = 1/v0 such that ϵ = (n/m)(bA/bB) = τaτc. A
detailed recipe for field-theoretic models of different chain architec-
tures can be found elsewhere.1 SCFT calculations were performed in
the real space via a pseudo-spectral method,1 while periodic bound-
ary conditions were enforced. A semi-implicit relaxation scheme1

was employed for the convergence of SCFT, with an error toler-
ance of 10−7kBT per chain (kB is the Boltzmann constant and T is

the temperature) for the intensive free energy. We adopted unit-cell
calculations for different microphases. For each microphase, sym-
metry operations in the belonging space group were applied to both
auxiliary chemical potential and density fields when solving SCFT
equations; the selection of the plane wave basis was optimized to sat-
urate the intensive free energy by satisfying the error tolerance.40 A
variable cell technique1 was utilized for the cell commensurability to
obtain stress-free phase structures. In addition to the known stable
phases, we included a few other microphases for the stability screen-
ing (see Fig. S2 for morphologies). Phase boundaries were located
from the cross points between the free energy curves of competing
stable phases.

III. RESULTS AND DISCUSSION
A. Effect of architecture asymmetry τa

We first examine the effect of τa = n/m on phase behaviors in
conformationally symmetric AmBn stars with bA = bB. Without loss
of generality, we select m ≤ n and start with the systems of m = 1.
Figure 1 plots the phase diagrams for AB diblocks (τa = 1), AB2 stars
(τa = 2), and AB3 stars (τa = 3), which show good agreement
with previous studies.13,14,19,30,38 The phase diagram is symmetric at
τa = 1. For τa > 1, phase boundaries are deflected toward large f A that
skews the phase regions. Accordingly, the panel of A-rich phases on
the small f A side is enlarged, while B-rich phase regions reduce in
size. Meanwhile, new complex phases emerge as τa increases, includ-
ing σ and PL phases in AB2 stars and an additional A15 phase in AB3
stars.

The progression and connectivity of phase boundaries define
the phase diagram topology. As the interfacial profile of phase
domains saturates with an increase in the segregation strength χN,
one would expect that the phase stabilities remain the same at large
χN, while their phase boundaries become vertical as χN → ∞ (see
Ref. 30 for example). Besides the O70 phase regions that reside in
the weak-segregation regime, the other microphase stabilities exhibit
continuous progression from emergence to large χN. This sim-
plicity of the phase diagram topology is dictated by the simplicity
of the chain architecture containing a single connector, as inde-
pendent connectors are anchored at the A–B interfaces and chain
conformations inside phase structures are relatively simple.

In AB diblocks, the composition asymmetry, characterized by
f A, results in the spontaneous curvature at the domain interface that
imparts the preference for different microphases, while the pack-
ing frustration of polymer chains inside phase structures also con-
tributes to the microphase stability.18,48–50 Increasing τa imposes an
extra modification on the domain interface by affecting the ratio of
polymer coordination numbers between A and B through the tether-
ing constraint of connectors, which further adjusts the spontaneous
curvature and packing frustration. This effect can be attributed as
the driving force for the emergence of the new complex phases (i.e.,
σ, PL, and A15) that increases the complexity of phase diagram
topologies.

As shown by Milner,12 the free energies of the classical
microphases are identical in the strong-stretching limit for star
copolymers having the same ϵ, indicating a correspondence among
their phase behaviors. Our SCFT calculations suggest that this cor-
respondence exists for all the known stable microphases. Moreover,
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FIG. 1. Mean-field phase diagrams for (a) AB diblock, (b) AB2 star, and (c) AB3 star
copolymers (with bA = bB, unless otherwise specified). The dot and diamonds in the
phase diagram represent the critical point and triple points, respectively.14 These
phase diagrams, calculated from SCFT using a pseudo-spectral method,1 show
quantitative agreement with previous studies,13,14,38 while the PL phase stability
is added for AB3 stars.

given the correspondence at large χN and the continuous progres-
sion of phase regions along with varying χN, we expect that the over-
all phase diagram topology should look similar for AmBn stars of the
same τa, while the phase boundaries can be significantly shifted and
deflected in the weak and intermediate-segregation regimes due to
the difference in copolymer conformational entropies. For instance,
we demonstrate the correspondence of phase stabilities between star
copolymers of m = 5 and m = 1 with a focus on the spherical phase
regions, where the emergence of σ and A15 captures the distinct
differences in phase diagrams.

Figure 2 plots the phase diagram sections of A5B5, A5B10, and
A5B15 stars with respect to the rescaled segregation strength, χN/m
(with m = 5), while including the counterparts of m = 1 for compari-
son. A large stability region of the σ phase exists in A5B10 stars; both
σ and A15 phases are stable for A5B15 stars, while they are not stable
in A5B5 stars. The progression of phase stabilities at m = 5 exhibits
the same sequence as m = 1. Comparatively, the order-disorder tran-
sition (ODT) curve of A-rich phases shifts to smaller f A, and the
ordered phase regions become wider as m increases (see complete
spinodal curves11,15 from RPA in Fig. S3). This indicates that taking
AmBn stars as combined by m ABn/m stars (when n can be divided by
m), the tethering constraint of the connectors reduces the polymer
translational entropy and, hence, suppresses the disordered phase.
Furthermore, the enlargement of σ and A15 phase regions implies
that the preference of forming spherical Voronoi cells38,51 in ordered
phases increases with an increase in the total arm number (m + n).

The correspondence of phase behaviors among copolymers
with the same τa significantly reduces the number of phase diagram
topologies for the entire class. Meanwhile, the effect of the coor-
dination number ratio on the phase behavior appears to saturate
with an increase in τa,13,32 resulting in the similar phase diagrams
for AmBn stars of the same m when τa ≥ 3 (e.g., see the example of
m = 1 in Ref. 13). From an extensive search for stabilities of the con-
sidered competing microphases (Fig. S2), none of those phases was
found stable. In consequence, only three phase diagram topologies,
as exemplified by Fig. 1, have been identified from our investigation,
which present the principal cases for AmBn stars. Moreover, two new
complex phases, σ and PL phases, show up on the different sides of
the phase diagram at τa = 2. Our calculations suggest that these two
phases emerge in tandem.

Adding τa as a molecular asymmetry axis to the plane of χN
and f A, the initial emergence of the corresponding triple points for
σ and A15 phases (inside the strong-segregation regime) divides the
τa axis into three regions; each region is associated with a group of
AmBn stars and a particular phase diagram topology. In Fig. 3, we
show the phase diagram of A2B3 stars to illustrate a transition state
between the phase diagrams of AB diblocks and AB2 stars. However,
with the marginal stabilities of σ and PL phases, A2B3 stars share the
same phase diagram topology as AB2 stars [Fig. 1(b)]. This indicates
that τa = 1.5 belongs to the second group, while the crossover to the
first group happens at τa < 1.5 for conformationally symmetric AmBn
stars.

B. Effect of conformational asymmetry τc
We next inspect the effect of τc = bA/bB on copolymer

phase behaviors, with a focus on conformationally asymmetric
AB diblocks for simplicity. As the free energies of the classical
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FIG. 2. Mean-field phase diagrams for (a) A5B5, (b) A5B10, and (c) A5B15 star
copolymers, focusing on the spherical phase regimes. The segregation strength
is rescaled by m, which is the number of A arms in AmBn stars. For comparison,
the corresponding phase boundaries of AB diblocks, AB2 stars, and AB3 stars are
included in gray dashed lines.

microphases depend on ϵ = τaτc at infinite χN,12 it suggests that the
architecture and conformational asymmetries have similar effects
and, hence, can be combined together. The correspondence between
τa and τc is related to the ratio of coordination numbers between
A and B segments around the domain interface. For τa = τc, effec-
tive ratios from the two asymmetries become comparable in strongly
segregated phases that leads to similar chain conformations and
interaction potentials between A and B (see Fig. S4 for a schematic
illustration), dictating the close entropic and enthalpic contribu-
tions to free energies, respectively. Comparing the phase diagrams
of conformationally asymmetric AB diblocks with AmBn stars at
τa = τc [e.g., τc = 1.5 and 2.025,38 to A2B3 and AB2 stars in Figs. 3
and 1(b)], one finds that the corresponding phase boundaries with
respect to χN/m are close in the strong-segregation regime where
the effect of the coordination number ratio is dominant. In addi-
tion, the overall phase diagram morphologies are akin to each other,
while the ODT curve shifts up in χN/m for star copolymers due
to the larger conformational entropy that favors the disordered
phase.

Noticing the connection between τa and τc, one can refer to the
conformationally symmetric AmBn stars of τa = τc for the general
phase behavior of AB diblocks with conformational asymmetry τc.
According to Fig. 1, the phase boundaries are deflected toward large
f A for τc > 1 (bA > bB), yielding larger A-rich and smaller B-rich
phase regions, and vice versa. Adding τc as a molecular asymme-
try axis, the phase diagram in the χN–f A plane continuously evolves
along τc in the 3D phase space (Fig. S2). From exploring the spher-
ical phase regions, we find that the emergence of the triple point
among S, σ, and C phases takes place between τc = 1.44 and 1.45 (see
Fig. S5 for free energy differences) in the strong-segregation regime.
This indicates that the lower bound of the second group is below
τc = 1.5, consistent with the finding in Fig. 3 that both are
for ϵ < 1.5. As τc increases, we expect that this triple point follows a
smooth curve toward smaller χN and larger f A and eventually moves
parallel to τc as the saturation effect develops.

FIG. 3. Mean-field phase diagram of A2B3 star copolymers.
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FIG. 4. Mean-field phase diagram of AB2 star copolymers with bA = 1.0 and bB =
2.0 (τa = 2.0, τc = 0.5, and ϵ = 1.0).

C. Effect of combined molecular asymmetry ϵ

After examining the individual effects of τa and τc on the phase
behaviors and showing their connection, we further expose the com-
bined effect of ϵ. Figure 4 plots the mean-field phase diagram of AB2
star copolymers with bA = 1.0 and bB = 2.0 such that τa = 2 and
τc = 0.5. As ϵ = 1.0, the phase diagram has the same topology as
AB diblocks [Fig. 1(a)]. At large χN, the phase boundaries are about
symmetric with respect to f A = 0.5 and are close to the ones of AB
diblocks, implying the equivalence of phase behaviors in the strong-
stretching limit. In contrast to Fig. 1(b), the critical point shifts
toward small f A on the ODT curve that correspondingly deflects
the phase boundaries in the weak-segregation regime, a character-
istic for the phase diagram morphology dictated by bA < bB (which
is opposite to the changes induced by τa > 1). This indicates that at
small χN when the phase segregation is weak, the conformational
asymmetry has a stronger effect on the copolymer phase behaviors
than the architecture asymmetry. Understanding these features, a
general phase diagram morphology for a given AmBn melt can be
delineated from locating a reference system with the same ϵ and ana-
lyzing the phase boundary deflections caused by τa and τc, which
also facilitates the mapping of the accurate phase diagram.

IV. CONCLUSION
In summary, we have systematically investigated the

microphase separation in the class of AmBn star copolymers, using
SCFT calculations. Based on the phase diagram features, we demon-
strate the correspondences between the phase behaviors of different
star copolymers according to the asymmetry properties captured
by τa, τc, and ϵ. These findings extend the SST prediction in the
strong-stretching limit to the known stable microphases. Three prin-
cipal phase diagram topologies, showing a hierarchy in the com-
plexity, have been identified that suggests a complete list of stable
microphases for the entire class. The individual effects of architec-
ture and conformational asymmetries on the phase diagram mor-
phology, as well as their connection, were examined, highlighting

the role of the effective ratio between coordination numbers of A
and B at the domain interface. Overall, this study describes the gen-
eral mean-field phase behavior for two-component miktoarm star
copolymers. We hope the presented results and the exposed simplic-
ity will provide an updated reference that adds to the comprehensive
understanding of copolymer phase behaviors.

SUPPLEMENTARY MATERIAL

See the supplementary material for additional illustrations and
results.
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