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Equation Section 1Introduction
The self-consistent field theory (SCFT) for many-chain systems is obtained by imposing a
mean-field approximation to simplify the statistical field theories. The statistical field theories can
be constructed from the particle-based model by carrying out a particle-to-field transformation.
The general approach for a particle-to-field transformation is to invoke formal techniques related
to Hubbard-Stratonovich transformations, which have the effect of decoupling interactions among
particles (or polymer segments) and replacing them with interactions between the particles and

one or more auxiliary fields.
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Figure 1
Fig.1a shows the particle description of a many-chain system. It can be simplified by applying
a particle-to-field transformation leading to a single chain sitting in an external field w(r) that is
generated by all other interacting chains, as can be seen in Fig. 1b. Fig. 1¢c shows an isolated single
chain which is the basis for constructing a field-theoretic model. In principle, any chain models

will work. In this notes, the continuous Gaussian chain model is chosen in particular.

2. Continuous Gaussian chain model
As shown in Fig. 2, the configuration of the continuous Gaussian chain is specified by a space

curve r(s) in which se[0,N] is a contour variable that describes the location of a segment along the
1



backbone of the chain. The position in space of segment s is given by r(s).

Figure 2

The configuration partition function of the continuous Gaussian chain can be written
Zy = [ Drexp(~pU,[x]) (1)
where the notation f Dr indicates a functional integral or a path integral overall possible space

curve r(s). The potential energy of the continuous Gaussian chain Uy ineq. (1) can be written
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where the square bracket notation is used to indicate that Uy is a functional of the space curve. It is
important to note that s does not indicate arc length in the continuous Gaussian chain model, but is
simply a parameter indexing the segments along the chain. Eq. (2) for the potential energy is
commonly referred to as the “Edwards Hamiltonian.”

Here we adopt the stochastic process approach to explore the properties of the continuous
Gaussian chain model introduced by Fredrickson in the book The Equilibrium Theory of
Inhomogeneous Polymers (2006, p42-43). We also give a naive deduction of the
Chapman-Kolmogorov equation which is directly given in Fredrickson’s book. In practice, we are
mainly interested in the observable quantities, i.e. those ensemble averages over the
configurational degrees of freedom of a single polymer. The single-chain average quantities of
primary interest are segment densities, density-density correlations, and elastic stresses, all of
which can be connected to observables in experiments. With the single-chain partition function
defined in eq. (1), we can define the single-chain average of an arbitrary function f(r) of the space

curve r by
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In particular, the average segment number density is defined by

i) exp(-80,x)
pr) = (p(r)) = [ Drexp(—0,x])

where the microscopic density p for a single continuous Gaussian chain is given by

p(r) = J;Ndsé{r(s) - r]

Substitute eg. (5) into eq. (4), we have
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where V is the system volume, As=N/Ny, the chain contour is divided into Ny equally spaced parts,

and J(r,s) is defined to be
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where N is the number of spaces that the 0~s part of chain has. The system volume V can be

obtained by integrating over all positions
V= f dr (8)

Ineq. (7), q(r,s) represents the statistical weight for a chain of 0~s part of chain to have its end at
position r, and q(r,N-s)=q’(r,s) is the propagator for a complementary chain with length N-s. This
object is commonly referred to as a chain propagator. The coefficient before the integral of the

first line of eq. (7) is added to ensure the propagator is normalized properly. It can be seen from
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To calculate the single-chain partition function, just integrate J(r,s) respect to r and multiply

it with an appropriate coefficient. It can be seen from
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Therefore, inserting eq. (7) and eq. (10) into eq. (6), we can evaluate average segment number

density as

N
— j; dsq(r,s)q(r, N — s)

; ()
fix drq(r,s)q(r,N — s)

p(r) = (4(r))

It will be clear later that it is convenient to define a normalized single-chain partition function Q

as

Q[u(r) = 0] = 1——1 (12)

Q[w(r) = 0] =1 (13)

As shown in eq. (45), Z0 can be evaluated analytically,
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Insert eq. (14) into eq. (10), we have
Z[u(r) = 0] = vz, f drJ(r,s) (15)
Thus, the single-chain partition function can be expressed as
Q) = 0] = = [ drqfr,Ja(r, N — 9 (16)

with J replaced by the next to last line of eq. (7). And the average segment density can be written

as

1
~ VQlu(x)
by inserting eq. (16) into eq. (11). Actually, eq. (16) and eq. (17) is at least valid for any linear

o) [ dsafr, s)atr, N ) (17)

polymers as long as the continuous Gaussian chain model is used.
The propagator g is a central quantity in statistical field theory. The ensemble averages and
the single-chain partition function can be derived from it. Below we will derive an equation to

compute it conveniently.

First, we explicitly write the chain propagator q in the form:
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where we use the discrete approach to define a path integral, such as

fﬁzﬁfﬂﬂ%ﬁf@ (19)
t=0 =0

Note the short hand notation for functional differential is used, and it should be understood that
keeping the continuous form of U, in eq. (18) instead of discretization one is just for clarity in
presentation (See Fredrickson, 2006 for more details about the definition and description of the

path integral).

Figure 3

Then, the chain propagator after advancing a step along the chain contour from s to s+As is

given by
q(r,s + As)
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Let As—0, the last two lines in above equation can be simplified. The functional integral from

s to s+ As can be evaluated as
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From the second line to the third line, only one step is needed to advance from s to s+ As when As
is sufficiently small. From the fourth line to the fifth line, r(s) is constant for a certain
configuration. Note that the range of possible values of Ar is (-oo,+0) because the integrand

approach 0 when Ar—=co. The delta functional can be evaluated as

6[1'(3—!— As) —r] = 6[r(s) + Ar —r}

22
:5{r(s)—(r—Ar)] (22)
And the second part of the potential energy can be evaluated as
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Through insertion of eq.(19), (20), and (21) into eq. (18), we can find the Chapman-Kolmogorov

equation given in Fredrickson’s book (eq. 2.58):
a(r,s + As)
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where ®(Ar) has a physical meaning of transition probability density, which describes the
conditional probability of a displacement Ar for a segment of chain of contour length As, starting

from the position r- Ar at contour location s. ®(Ar) is given by

O(Ar) = [ Ar2] (25)

2
27rb2A3] eXp[_2b2A5
Note that this transition probability density is properly normalized due to the proper normalization
of the propagator. A useful feature of continuous chain models is that Chapman-Kolmogorov
integral equations can be reduced to partial differential equations, which are referred to in
probability theory as Fokker-Planck equations and in quantum theory as Feynman-Kac formulas.
We illustrate this by deriving the Fokker-Planck equation associated with eq. (24). The derivation
proceeds by performing the Taylor expansion for both sides of eq. (24) in powers of As and Ar,

treating each as small. It finally reduced to the Fokker-Planck equation:

2
a%qm 5 = %Wr, ) (26)

Thus, the Fokker-Planck equation for the continuous Gaussian chain takes the form of a
conventional diffusion equation with a diffusion coefficient given by b%6. The solution of this
equation provides full information about the distribution of end segments, q(r,s). The full

derivation is given by

a(r.s + As) = g(r,s) + A%q(r, $) + 0(As?) (27)

fdAr‘I)(Ar)q(r — Ar,s)
= <q(r — Ar,s) >q>
= <q(r, s) — Ar - Vq(r,s) + %ArAr : VVq(r,s) + O(ArArAr)> (28)

b

1
q(r,s) — <Ar >¢) -Vq(r,s) + i<ArAr >¢) : VV(r,s) + O(< ArArAr >(I>)
where the ®-average appearing in this equation are defined by
(f(ar)), = f dArD(Ar)f(Ar) (29)

The average on the right last line of eq. (28) can be evaluated as
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Inserteq. (30) and (31) into eq. (28), and equal it to eq. (27), we find
2
q(r,s) + Asgq(r, ) + O(As*) = q(r,s) + AS%VQQ(I‘, s) + O(< ArArAr >(I)) (32)
S

Let As—0, eq. (26) is finally obtained.

3. Single continuous Gaussian chain in external field

In this section, we want to discuss how the partition functions and distribution functions of the
continuous Gaussian chain model are modified by the presence of an external field. The external
field of primary interest is a spatially varying chemical potential field w(r) that acts
indiscriminately on the polymer segments of a continuous Gaussian chain. The potential energy

generated by this external field is given by

N
- j; dswlr(s)] (33)
The potential energy without the presence of the external field is still given by eq. (2). Thus the

single-chain partition function under an external field is given by
= fDrexp(fﬂUO[r} — BU,[r,w]) (34)

Similar to eq. (18), the propagator is defined as

q(r,s>[2wms] I1 [ a exp[ fd fdsw ] (35)

t=0
xé{r(s) - r]
Then, the chain propagator after advancing a step along the chain contour from s to s+As is given

by
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Inserting eq. (21), (22), (23), and the following equality
s+As
f T ds ulr(s")] = wir(s)]As = w(r)As (37)
into eq. (36), we can find that
a(r,s + As) = e "5 [ dArd(Ar)g(r — Ar,s) (38)

with the transition probability density function @ still given by eq. (25). Using the same Taylor
expansion strategy introduced in section 3, the left hand side of above equation is expanded into

eq.(27), and the right hand side is expanded as
e_“’(r)AsfdAr@)(Ar)q(r — Ar,s)
= [1 - w(r)As + O(As?)]

X|q(r,s) + As%v%}(r, s) + O((ArArAr) ) (39)

2
= q(r,s) + As%v2q(r, s) — Asw(r)q(r,s) + O(As?) + O(< ArArAr ><I>)
Equating eq. (27) and eq. (39) and cancelling same terms and higher order terms leads to the final

Fokker-Planck equation

2 4.9 = L te,0) - wlelae (40)

0s
which can be viewed as a generalization of eq. (26) to include an external potential. The
Fokker-Planck equation is commonly referred to as a modified diffusion equation, and sometimes,
by analogy with the path integral formulation of quantum mechanics, as a Feynman-Kac formula.

To find the initial condition, we first calculate the chain propagator which is just one step

ahead, q(r, As), since q is well defined for at least one bond. g(r, As) is evaluated as follows
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At the continuum limit, i.e. As—0,

q(I‘, 0) = lim q(r’ AS) = lim e*Asw(r) -1
As—0 As—0

(41)

(42)

The normalized single-chain partition function Q[w] can be expressed as a ratio of path

integrals

~ Zw f’DreXp(—ﬂUo[r] — U, [r,w])
Qu] = =
Zy J Prexp(—6U; x))

It can be shown by following the calculation in eq. (10)

3
—N,,
9 el
Z[w] _ V2[27Tb AS] fdr%q(r’s)éq(r,ﬂ - 5)

3

And the single-chain partition function Z, is integrated to

(43)

(44)
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Therefore, the normalized partition function in the term of propagator q is obtained by substituting
eq. (44) and (45) into (43):

Qfu) = - [ drafr,s)a(x, ¥ — ) (46)
Particularly, let s=0 and invoke the initial condition given by eq. (42), we have

1
Quu] = - [ drq(x,N) (47)

The modified diffusion equation together with the above equation fully describes the statistical
mechanics of the continuous Gaussian chain in an external potential w(r).

With the definition of chain propagator, it is easy to verify that the average segment number

density is still given by eq. (11):
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From first equal sign to the second equal sign, eq. (43) is used, from the second equal sign to the
third equal sign eq. (45) is used, and from the fifth equal sign to the sixth equal sign eq. (34) is
used. Substituting eq. (46) into above equation, the average segment density can be evaluated

using
1
VQ[u(r)]

plr) = (3(r)) = [ dsqlr, )ate, N ) (49)

4. Many-chain model for two-bead chains

In previous two sections, we deal with single-chain systems. From now on, we start to analyze
the properties of many-chain systems. To construct a field theory for many-chain system, the
particle-to-field transformation should be performed. The most important mathematical tool

during the particle-to-field transformation is the delta functional, which is defined as
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for any functional F[p]. The delta functional can be viewed as an infinite-dimensional version of
the Dirac delta function that vanishes unless the fields p(r) and 5(r) are equal at all points r in
the domain of interest. A useful complex exponential representation of the delta functional can be

developed by temporarily discretizing space using Mg grid points according to

8lp — pl = []8lp(r) = p

]Wy
— TTolete) — 5
i=1
My
— = duw(r. e pr) =)
H{Qw f duw(r;)e
[ ] f dw(r, () [p(r)—p(r;) f dw(rQ)etu(rq)[/)(rz) Ary)] (51)

f dU](I‘ )67,71)(F1L[!/)[/)(r‘¢,y) /)(ng)]
0o 1\1

M!/

[ ] f dwrlf duw(r,)-- f dwrM ef:1

_f,D t drwr [p(r)—p(r)]

> w(r))p(r;) ()]

The third line of the above expression follows from the application of the representation of the
one-dimensional delta function &[p(r;) — p(r;)] at grid ri. The final expression results from

restoring the continuum description and can be viewed as a formal definition of the functional

integral wa over the auxiliary field w(r). It is important to note that w(r) is a real scalar field

and that the functional integral in eq. (51) is taken along the whole real axis at each r.

Now, it is ready for us to examine the simplest many-chain model for diblock copolymers:
two-bead model. In two-bead model, there are n chains in the system. Each chain has two beads A
and B connected by a spring. The potential energy of this system has two sources of contribution:
the intramolecular, short-ranged interferences and the intermolecular interactions among segments.

The first energetic contribution is just sum of spring energies stored in all chains:

n
, A
BU,(r*") = Z§|rAi — Iy

J=1

i (52)
where r2”=(r1,r2,...,r2n) denotes the set of 2n bead positions, and A is the spring constant. The
second energetic contribution originates from the interaction between any of two beads in the
system, whose general form is given by
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where u(r) is the familiar pair potential function. The factor of 1/2 in the expression corrects for

the counting of each pair of particles twice in the double sum. If we define the microscopic density

operators for bead A and bead B as

where o denotes either A or B. With this definition, it follows that

AU, fdrfdrp

The equality can be seen from
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In the two-bead model, the interaction energies between segments of different types separated by

distance |r — r'| are:

“A,A(|r - 1"|) = uy,6(r — 1)

“B,B(|r - r'|) = Uppd(r — 1)

(57)

(58)
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UA,B(|I' - r‘|) = UB,A(|I' - r'|) = uy56(r — 1)

(59)

where w,,, ugy, u,, are the intersegment excluded volumes arising from the short range

interactions, & is the Dirac delta function. It follows that eq. (55) can be reduced to

AU, (x*") = %fdrfdr'ﬁA(r)uA,A(lr —r')p, ()
%fdrfdr'ﬁA(r)uA,B(lr — ')
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b [ [ ey p0x — £yl
- é [ [dr' 5,0, 800 = ), (x)
b [ f 0ot = 17,0
+% [ de [y (e — 2, (x)
% [ e [y (r)upotr = x5, ()
=5 [ ) f ot = w07, )
% [ () [ty s(e = ) (x)
b3 [y e) [y ole = ), (2
43 [ oy (e) [ (e~ x ) (e
= St f D03, (5) + S [ i (5155 (0)
bt [ Ay (00) + Sy [ ()5,

U - u ~ 0,(r)p
= g + [ g [ e 5025 0)

(60)

By applying the incompressible condition p, = p,(r) + p,(r), the first integral in the last line of

above equation can be evaluated as

17



%
5
=X
N
—
]
[V}

= [ @) 50+ 5yl = P g e) 3 (e

= [ |5~ 5 s) + 5 R (o)

= [ 0d = @)+ pa0) = 5y(6) o)+ )

= f dr % Py — Pa(r)py(r) + %po Gu(r) - ﬁB(r)j) 6D

:%fﬁ@ﬂwmm%%%®)Jﬁh®%®
= P [ 20 [y () =22 [ depy(e) — [y ()50
2
— M 4 &fer(S(r — rA].) — —Ofdrz_jé(r — rBj) — fdrﬁA(r)ﬁB(I')

2"/’0

=mojw%u%u
The second integral is evaluated similary,
[ depy @) = npy — [ dip,()5,(x) (62)
Substituting eq (61) and (62) into eq (60), we have

ﬂU (rQn)

:fm%fMMMm

+— np, — fdrpA

+uAderpA r)py(r)

_ 2uyp — U2AA — Upp fdrﬁA(r)ﬁB(I‘) 4 Baa ;F“BB

= voxfdrﬁA(r)ﬁB(r) +

(63)

np,
Ugyg T Upp

n
2 Po

where vo=1/py is the volume of a statistical segment (here the volume of the bead), and x is just

the Flory-Huggins interaction parameter:

QUyp —Uyy — U
X = AB AA BB (64)
27)0

The constant term in eq 63 can be ignored since it has no thermodynamic consequence. Finally we

have
BU, (%) = vy [ dep (1) (x) (65)

The canonical partition function for the two-bead system has the usual form
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1
n!(/\%)Qn

7 =

fer" exp[—ﬂUO(rQ”) - 5U1(r2n)}‘5{f’o — Py(r) — Z)B(r)] (66)

where 1/n! corrects the fact of n indistinguishable two-bead chains and

h

Ap = W (67)
is the thermal wavelength, m is the mass of an atom, and h is the Planck constant. The object
8[py — p4(r) — py(r)| denotes a functional delta function that imposes a local incompressibility
constraint. With the potential energies given in eq. (52) and (65), we can write the partition

function as

n!()‘l%)% faer” exp ;%'rfli —TIp, |2 - U(fodrﬁA(r)ﬁB(r) 8] oy = pax) = pp(r)]

7 —

(68)

To transform the canonical partition function in the above equation into statistical field theory, the

Hubbard-Stratonovich transformation is performed. Ineq. (68), Z[p,(r),p,(r)] is a functional of
p,(r) and p,(r). By utilizing eq. (50) twice, we have

Z[ﬁAaﬁB] = fDPAZ[PAaﬁB]‘S[PA - [)A}

N 3 (69)
= poApoBZ[pA,pB]f?[pA — Paldlog — Ppl
Inserting the functional form of Z in eq. (68) into the last line of eq. (69), we have
1 n )\ 9
7z = Dp, | Dpy | & = =lry gl — dr
o PoaJ Pos [ x| Sl —wf — o[ s g

x6] py = pa(x) = py(1)|6lp4(x) = A4()10lop(r) — Fp(r)]
The delta functionals in the above are then replaced by the complex exponential representation

introduced in eq. (51), which leads to
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Z= ;()\13 )2 f pApoder% P\~ |rAz Tpi |2 - UondrPA(r)PB(I’)
n 1—1

foexp fdr§ (r) = pp(r)]
f’DwAexp fdrwA r)[p,(r) = p,(r)]
f’DwBexp zfdrwB r)[py(r) — pp(r)]

= f pApoderQ'L expl Z |rAl rBl - voxfdrpA(r)pB(r)

n,()\s 2n
[ D, [ Dwy, [ Deexp [ dr[w, (), (x) + wy()py() + E@py — pa(r) = pp(x)]]

xexp i [ de 1, (6)7,40) + wp ()7 (x >J }

(71)

The last line of above equation is r*" dependent, which can be seen from

J e[, @),(0) + wy () (x)
= fdrwA —I—fdrwB r)ppg(r)

,fdrwA 6(r —1y5) +fdrwB ilé(rrBj)
— ZfdrwA(r)&(r —1y) + ZfdrwB(r)é(r — 1) (72)
j=1 J=1

= E :wA(rAj) + E :wB(rBj)
=1 i=1

= E [wA(rAj) + wB(rBj)}
=1

U, is also r*" dependent and all other terms in eq. (71) are r*" independent. Therefore, we can

rearrange eq. (71) into two parts, one is r*" dependent and the other is r* independent:

i [P o0 w0,

exp fdr iw, (r)p, (v) + iwg (r)py(r) + i&(x)[py — p4(r) — pu(r)] — vyxp,(X)ps(r)] (73)

fer” exp{—z A }
j=1

Now, let’s look closely at the last line of above equation. It can be evaluated as

|

= fcerldrB1 exp —%|1‘A1 — Iy |2 —dw,(ry) — iwy(rg,)
fdrAerBQ exp
i o

{fdr drj exp

2 .
+iw,y(ry;) + dwp(ry)

|rAi — Ty

n

n A 2 . )
fdr2 eXP[_Z §|rAi — 1| +iwy(ry;) + dwp(ry)
j=1

A 2 . .
*§|rA2 - r32| —iwy(ryy) — iwp(ry,) (74)

A 2 )
__|rAn - an| - ZwA(rAn) — Wp (an)

n

——|rA —rB| —iw,(ry) — iwg(ry) |t
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Remarkably, the integral in the last line is just the single-chain partition function in the external

field that is internally generated in the many-chain two-bead systems:

(75)

Z, = fdrAdrB exp |2

A . .
f§|rA —ry| —iw,(r,) —iwy(ry)
Since there are only two beads in a single chain, there is no need to go through the tedious
procedures that are introduced in section 4 for long chain polymers. However, it is still convenient

to define a normalized single-chain partition function

fdrAdrB exp

A 2. .
—§|rA —rB| —tw,(r,) —iwy(ry)

(76)

Qliw 4, twy] =

fdrAdrB exp —%|rA —rB|2

where the denominator in the right hand side of above equation can be integrated analytically:

fdrAdrB exp —%|rA -1y |2

= fdrderA exp{%(rA —1y)°

= fdrij; d(r, —ry)exp

= [, [~ d3rexp férg )
Jom ] [ 2 ]

“ 5
tfsn

]

A
_E(I'A - I'B)2

It follows that

Z, = V[T]2 Qliw 4, 1wy (78)

and

(79)

Upon combining eq. (73) and eq. (79), the particle-to-field transformation is complete. The

canonical partition function can be expressed as the following statistical field theory:
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7 = Zof’DpAfDprDwAwapréexp(—H) (80)

where the functional

H = f dr [1yxp(X)pp(x) — iw, (¥)py(r) — iwy(r)py(r) — iE(r) [y — pa(r) — pp(r)]] — nlnQliw,, iw]
(81)
is referred to as an “effective Hamiltonian”, and the prefactor is
-~

Z, = — 1/[27”]2 82)

Before we proceed to calculate the average properties, among which the average local bead (A

or B) number density < ﬁa(r)> of this two-bead chain system is of primary interest, we first

establish a relation between the single-chain density operator 5! (r) and the normalized

single-chain partition function Q. The definition of the single-chain density operator is

pi(r) = 6(r, — 1) (83)
The relation is given by
. _ 0InQliw,(xry), iwg(rg)]
A ) o
Phir) = — 61In Q[iZQSA();;;”B(rB)] (85)
B

To verify above relation, we invoke one of the properties of functional derivatives:

SF[p(r)] _ 0F[p(r)] &p(r")
op(r") op(r)  op(r)
SEp) (%)
O(r —r")
6p(r)

Thus, it is easy to show that eq. (84) is correct:
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~ 0InQliw(ry), iwp(rp)]

8liw, (r)]

_ 1 0QLiw , (ry), 1wy (ry)]

Qliwy (ry), 1wp(ry)] Oliw, (r)]
_ é(ry —r) 0Q[iw, (ry), iwp (xp )]

Qliw (ry), iwp(ry)] Oiw (;‘A )]

6 ;[2;] ? fdrAdrB exp f%|rA -1, |2 —iw,(r,) — iwy(ry)

_ 6(ry —r)

Qliw, (ry), 1wp(ry)] Oliwy (ry)]

‘1/[2;] 2 8(r, — r)fdrAdrB Sexp|— |rA rB'| —iw,(r,) — twy(ry)
Qw,(ry), wy(ry Oliw 4 (ry)]

1(2n7) 2

V[A] oy = 1) A . | [ —iw, (x,)]
= — dr,dr, exp|——|r, — r —qw,(r,) —iwy(ry) | ——————

Q[wA<rA>,wB<rB>}f ey exp| =5 ey =y [ i) = iy () Bliw(r,)]

A 2 .
f§|rA frB| —dw,(r,) — iwy(ry)

= ] Quwy(ry), wp(ry)] (87)

Eq. (85) can be proved similarly. The single-chain density operator z'(r) is important because

we can conveniently find its ensemble average based on the approach sketched in section 3. With
the knowledge of the single-chain density operator, it is straightforward to calculate the average
local bead number density using
(7,0) = n(7®) (88)
It is important to point out that the equality in eqg. (88) is universal for any many-chain model with
polymer chains described by the continuous Gaussian chain model whose ends are free. Therefore,
the complex many-chain system is effectively reduced to the system of a single chain in external
field. Note the external field here is generated internally due to long-range interactions.
To prove eq. (88), we will follow the approach presented in Fredrickson’s book p.141-142.
The partition function in eq. (66) is augmented with a “source term” involving a field J(r) that is

conjugate to the microscopic density:
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méwfwwﬂ%%WWﬁwﬁﬂ

xexp|~ [ deJ(0)p,(r) = [ deJ()py(r)] (89)
)]

<8 py — By(x) — piylr

Z[JA’JB] =

The logarithm of Z is a generating functional in the sense that functional derivatives with respect
to J,(r) provide expressions from the connected (cumulant) correlation functions of density. In

particular,

S Z[J 4, T )

(p,(r)) = o @)

J,=0,J5=0 (90)

In order to compute the derivatives on the right-hand side of the above equation, it is helpful to
transform to a field-theoretic representation of Z by retracing that led from eq. (66) to eqg. (80).

One obtains the following field theory:
7 = Zof’DpApoBwaAwaBfoexp —H[J ,,J ] (91)

H[JA,JB] = —fafr[iwA(r)pA(r) + in(r)pB(r) + Z§<r) [/00 - pA(r) - pB(I‘)] - onpA(r)pB(r)}
—nlnQiw, + J,,iwy + Jg]

(92)
where J, enters the effective Hamiltonian only as a shift in the argument of Q. It follows that

I, =0, =0]=Z (93)

HJ,=0,J, =0/ =H (94)

JAO,JBO>

The right-hand side of eq. (88) can thus be evaluated as

SInQliw, + J,,iwy + J 4]
n
oJ

SInQliw, + J ,,iwy + Jy] 8liw, + J ]
=\n . J,=0,J,=0
Sliw, + J ] 6J, (95)
dInQliw, + J ,,iwy + J 4]
={-n
Sliw, + J 4] Ta=075=0
0 In Qliw 4, iw ]
=N e
Oiw 4]

Inserting eq. (84) oreq. (85) into the above equation, eq. (88) is recovered.

Finally, It is easy to calculate the ensemble average of the single-chain density operator
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A . ) ~
[ i, exp 75|rA [y (r) — dwy(ry) ()
(h(r)) = S :
fdrAdrB exp —§|rA —rB| —iwy(ry) — iwg(ry)
A . )
fdrAdrB exp —5|rA -1y |2 —iw,(r,) — iwy(ry)|6(r, — 1)
- A 2 )
fdrAdrBexp f§|rA frB| —tw,(r,) — iwy(ry)
) ) (96)
fdrAdrB exp 75|rA frB| — 1w, (r) — iwg(ry)
N A 2 .
fdrAdrB exp —5|rA —rB| —iw,(r,) — iwy(ry)
A )
fdrAdrB exp —§|rA -1y |2 — iwp(ry)
= 3 ; exp[fz'wA(r)]
fdrAdrB exp f§|rA frB| —iw,(r,) — iwy(ry)
and similarly
A 2
fdrAdrB exp f§|rA —rB| — 1w, (ry)
<ﬁ}3(r)> = exp | —iwy(r)] 97)

R fdrAdrB exp

_%|rA —Ip |2 — iwy (ry) — iwp(ry)

Now that we have the tools for calculating the ensemble average densities for A and B beads,
we are ready to derive the self-consistent field theory. The self-consistent field theory is obtained
by imposing the mean-field approximation to the statistical field theory. The mean-field SCF

equations are obtained by the saddle-approximation, where one sets

oH

=0 (98)

opy
M (99)

opy
o (100)

on

It is easy to find all above variations which are

w, (r) = vyxpp(r) + &(r) (101)
wB(r) = UoXpA(r) + &(r) (102)
Py — PA(T) = pp(r) =0 (103)

where all field variables are pure imaginary.
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5. Many-chain model for A-B block copolymers

In this section, we will consider a more complicated system: A-B diblock copolymers (Model
E in Fredrickson’s book p159-161). In principle, the techniques derived in the previous section are
generally applicable. Practically, however, one must pay attention to the effect of joint point that

connects A and B blocks which complicates the construction of the chain propagator.

Figure 4

Here, a continuous Gaussian chain model of an A-B diblock copolymer is considered, as
shown in Fig. 4. The copolymer has a total polymerization index of N; the section 0<s<fN (solid)
being comprised of type A segments and the section fN<s<N (dashed) comprised of type B
segments. The parameter f can be interpreted as the fraction of the copolymer that is type A. If the
A and B segments are further defined to have equal volumes, then f corresponds to the average
volume fraction of type A segments. We assume statistical segment lengths are the same for type A
segments and type B segments.

By analogy to many-chain model for two-bead chain, we derive the statistical field theory as
follows. The potential energy from intramolecular, short-ranged interferences is obtained by

extending eq. (2) to an n-chain system:

2

U] (104)

3kTZf

2
2>

The potential energy from intermolecular interactions among segments and the long-range
interferences has the similar general form as eq. (53)
V) ZZ f ds f ds'ul|r;(s) — x,(s")) (105)
] 1k=1
The segment pair of same type has no pair interactions and the segment of type A interacting with
the segment of type B is the same as the segment of type B interacting with the segment of type A.

Thus, eg. (105) reduces to
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N 1 n n fN fN ' '
/o’Ul(rN)=§]Zlkzlf0 ds [ ds'u ([, () — (1)
1> N N
+§Z;f0 dsfdes'uAquj(s)—rk(s')|)
T . (106)
1 N N
+5ZfoNdsj; ds'uAB(|rj(s)—rk(s')|)

j=1k=1

1 n n N N
S D) BN ) I EIOREAC])

j=1k=1
where u, g denotes the pair interaction energy between segment of type A and segment of type B.

With the definition of microscopic density operators

paw) =52 [ s~ x 0) (107)
o) = 3 [ dotle =, (5 (108)

eq. (106) can be expresses as

50, = L [ [ ey — x oy
—i—éfdrfdr'ﬁB(r)uBqu — ')y (r)
+%fdrfdr'ﬁA(r)uAB(|r — 1)y

oL e f e 2oy

(109)

It can be seen from
e [ e By —x iyt
_ fdrfdr';zllj;ﬂvds&[r — 1y — DoY)
_ jZijlf()desfdr'ﬁB(r')fdruAB(|r — 1 )ofr — x,(s)]
= ; foﬂv ds [ dr'pp(r Yy y(Jr;(s) — x)) (110)
- ij})’wdsf 0 [ g o)~ )
DOV 3 W R TR

n n

=3 [ as [ ds gy (s) - 6

j=1k=1

If we further introduce the Flory-type pair interaction energy
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ugar =) = w8 —x) (111)
wyp(|r =) = wps(r — 1) (112)
wyp(|r =) = wpsr — 1) (113)
Following the same procedure of eq (60), we have
BULE™) = =4 [ dep (2 + 722 [y e + [ dep () (x) (114)

By applying the incompressible condition p, = p,(r) + pg(r), the first integral can be evaluated

2
[ dwp,
= [l a0+ 2al) * = LB — a0 + L (e
=[50t = 5@ + 5 5, 0F — iy
= [t |50 = 54 + 5 5a0) = pale) 5u(6) + ()
S LR NCRE T SERACS
1

P ferf dsdlr — r( fdrpA(r)ﬁB(r)

_ n]\;p() 4 nf];[p() _ (N 2fN) _ fdrﬁA(r)ﬁB(r)
. (115)
= falNpy — [dup,(0)5,(x)
Similarly, the other integral can be evaluated to be
[ depy (@) = (L= finNp, — [ depy(x)py(x) (116)

Substituting eq (115) and (116) into eq (114), we have
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/BUl (I‘"N) —
%A fnNpy — [ depy(x)p(x)
+u%[(l — SN, — [ drp,(x)p5(r)]

+uAderﬁA(r)ﬁB(r)
Ry — g, — 1-
_ SUyp —Uyp ~ Upp fdl‘ﬁA(I‘)ﬁB(r) n Jugq + (A — fugg nNp,

2 2
+fUAA +(;*f)

(117)

~ ~ u
= vy [ de 4 (1)5(x) BB nN p,

The Flory-Huggins interaction parameter is again given by

_ 2uyp — Uy~ Upp (118)
2y

X
0

and the constant term is ignored to give the final form of Flory-type energy

BU, (") = vy [ dup 4 ()5,(x) (119)
The canonical partition function of diblock copolymers is again similar to that of two-bead chain
system

7= n!()\;)"N fdrnN eXP{—ﬂUo(I‘”N) - ﬂUl(r"N)]&[po — pa(r) = py(r)] (120)

Inserting eq. (104) and (119) into above equation, we have

2
1 3k, T I~ N |dr(s)
7 =——— | d&™ exp| - —Z ds|—2 — x| dep,(2)ps(r) 6| py — p4(r) — py(r)
n!(A%)an 2? ;“ﬁ] ds 0 f 4(5)P () [ 0 A(x) 5 }
(121)
Using the delta functionals, it changes to
2
1 3k, T <y N |dr(s)
Z=——|Dp, | Dp, | & exp|——L ds|—2 — X | drp,(r)py(T)
’}”L!()\%)an Af Bf 2b2 ;ﬁ) ds 0 f A B

Xé{l - pA(I’) - PB(I')}‘S[/OA(I') - ﬁA(r)}é[pB(r) - ﬁB(r)]
(122)

The delta functionals are then replaced by their complex exponential representations
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- onfdrpA(I‘)pB(I')

3k, T " N |dr(s)
BZdes

2v* o

f Dgexp i [ dre(r) (r) = pp(®)]
waAeXp zfdrwA r [pA(r) 4(1)]
xf’DwBeXp ifdrwB(r [pp(r) — pp(r)]

— n'()\13)2"f,DpAf,Dprdr2" eXpIBk T

bz

2
- onfdrpA(r)pB(I‘)

N |dr.(s
d5|1_<>
ds

[ Dw, [ Du, [ Déexp [ dr[w,(x)p4(x) + wy(0)py(x) + ED)py — p4(x) = pp(x)]]
xexp i [ dr[w, (1)5,(r) + wy(r)py(r >] }
(123)

The last line of above function can be evaluated the same as eq. (72), which leads to

fdr w,(r )+ wy(r )ﬁB(r)]
= fdrwA pA )+ fdrwB(r pp(r)
= fdrwA f dsdlr — r;( —l—fdrwB f dsélr — 1 ( (124)

_Zf dsfdrwAr)ér—r —l—Zf dsfdrwBr)ér—r()]
:z:;j; dsw ,(r;(s)) +Z::1fdester

Substitute above equation into eq. (123), we have

) Peaf Do [ Pw [ P [ e

exp f dr i, (v)p, (x) + iy (x )pB< >+ i€y — pa(r) = ()] = vyxp, (D) (1)

2
fern eXp' BSbZTZf N Z,fOfN dsw  (r,(s)) + fox dswp(r(s)) ]

=1

(125)

The last line of above equation is evaluated as
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2
) " 13k, T N |dr(s) N PN
de'LNeXp“l 252 j; ds +Zj;) dswA(rj(s))+ZLNdst(rj(s))
=

]

3k, T pN |d N
= fdrflvdrN N exp|— 2:2 j; ds r;i — zf dsw ,(xr,(s f dswp(r, (s
3k, T d
fdrderN N exp 252 j;) r2 f dsw ,(r,(s f dsw (1, (s
(126)
3k, T Iii IN
fdrfxdrgl N exp|— 252 L[;) ds rdi — zf dsw,(r, — zf dswy(r, (

fdrﬁNdrgffN exp

:ZgTij;Nds‘dz(s fdeswA fzf dswp (x(

3k, T (N N
— j;) ds —zf dsw , (x( fzf dsw g (x( ]
The integral in the last line of above equation is just the single-chain partition function

SstT fo ‘ j: dsw (x(s)) — zf dswp (r(

The first term in the exponential is just the internal energy of a continuous Gaussian chain, the

dr(s)
ds

N
Hfdr(t)exp
=0

Z*Hfdr exp|—

t=0

(127)

second term describes the interaction between A block and the corresponding external field which
is generated internally, and the third term describes the interaction between B block and the
corresponding external field.

The chain propagator is defined similarly to eq. (35). However, it has two forms depending on
the value of s. For 0<s<fN, it is defined as

3y
Q(r,s)Z[QW;AS]2 Hfdr exp[ f ds'

t=0

it ]om r|

(128)

Retracing the steps from eq. (36) to eq. (40), we can obtain the Fokker-Planck equation
2

%q@, 5) = %Wr, 5) — i, (£)g(x,5) (129)

Similarly, for fN<s<N, the chain propagator is defined as

f ds"iw ,[r f ds"iw ,[r 5[() r]

and the resulted Fokker-Planck equation is given by
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2
%q(r, s) = %VQQ(I“, 5) — twp(r)q(r, s) (131)

The initial condition is
q(r,0) =1 (132)
The normalized single-chain partition function is obtained by following the steps from eq. (43) to
eq. (46)
Qliw,, iy = f drq(r. s)q(r, N — s) (133)
In particular, for s=0, Q is evaluated to be
Qliw 1wy = f drq(r, (134)
With the definition of Q, we now reach the final result of the statistical field theory for diblock

copolymer melts:

72 =2, [ Do, [ Doy [ Dw, [ Dwy, [ Deexp(—H) (135)

where the effective Hamiltonian is

H = [ e[ uyxp,(r)pp(r) — i, (0)p o (x) — iwg(¥)p () — €00y — pa(r) = py(x)]] — 0 Qi i
(136)
and the explicit form of the prefactor Z, is unimportant.
The single-chain partition function describes a single chain in an external field. In light of

section 3, we can define two single-chain density operators:
N
— j; dsS[r — 1(s)] (137)

-/ j]z dss[r — 1(s)] (138)

Invoking the universal relation (eq. (88)) between the average segment density and the average

single-chain segment density established in section 4, we have
(p4()) = n(7h(r) (139)

(pp(x)) = n(phr)) (140)
Therefore, we only need to calculate the average single-chain segment densities.
Since the external field exerting on A block is different from that exerting on B block, as can

be seen in the single-chain partition function (eq. (127)), it is impossible to calculate the average
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single-chain segment densities from only q propagator. Taking <ﬁ}4(r)> as an example, we see

that

(7))

= %ﬁfdr r)exp —3:§2Tf0 ds dz( fdeswA f dswp (r(
:_tl‘[ofdr f ds[r — x(s

exp S;CTBfLNds"% fdes w,(r fzf dswp (r(

1w N
= Efo dstdr(t)
=0
3k,T pN dr(s N
exp —ﬁﬁ) ds"% f ds'w,(r f ds'wg(r O[r — r(s)]
:_f dstdr fdr S[r — (s
kT N
exp fﬁﬁ] ds"% ff ds'w,(r —zf ds'wp(r Or — r(s)]
3y
_ 1 21b?As |2 fdes
zl 3 0
3y
3 9 8 3k,T s s
dr(t)exp| ——2 ds' — i dsw,(r(s")|6[r — r(s)]
[QWbQAs] fzof 2h2 j; fo A
3
S(Ny=N,) N
3 g N s 3k,T
dr(t)exp|——2Z ‘— — 1 ds'w )—i| ds'w
[27rb2As] Ef 20? ‘L f Al f s
7 N
— ﬁ of dsq(r, s)
3
~(Ny—N,) N
g PN 3k,T dr(s") N
dr(t)ex ds ds'w ds'w
[27rb2As] flj,f (t)exp| = 202 ‘[; ‘ ds' f A f B
(141)

The last line of above equation is neither q(r, s) nor g(r, N-s). However, we can rewrite it to

T

2mb’As

2
3kBTf PR dr(s")
0 ds'

exp|—

- f0<17f)Nds‘in(r(s')) - fNis ds"iw 4(r(s")) [6[r — r(N — s)]

(1-/N)

(142)

This expression says it has the same structure of the chain propagator g, but instead of starting
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propagation from the end of block A, it starts at the end of block B. Note that the range of N-s in
the eq. (142) is (1-)N<s<N. So we can define a complementary chain propagator q_ when s is in

the range of (1-f)N<s<N:

3y
s 3 PR
q (r,s) = dr(t)
2b*As E]f
Skl s |de(s\[ pa-nv : .
exp _ﬁfo ds"% —j; ds"iwg(r(s")) —j;liﬂv)ds'zwA(r(s')) O[r — r(s)]

(143)
This q” also satisfies a Fokker-Planck equation (for (1-fN<s<N)

2
aﬂq* (r,5) = %v2q*<r, 5) — i, (£)g (x,5) (144)
S

Using the definition q” and invoking the definition of Q, eq. (141) becomes

d r,N — 145
VQ liw ,(r),iwy(r f sa(r,)q 9 (149)

The derivation of the above equation for the segment of type B is similar. By retracing the

steps fromeq. (141) to eq. (145), we can obtain the average single-chain segment density

f dsq(r,s)q (r,N — s) (146)
)siwg(r

In the above, the range for N-s is 0<s<(1-f)N, and the form of the complementary chain propagator

q" defined in this range is

3
2N
* o 3 9 2 3kBT s dr(s s .
q (r,s) = [27rb2As] tl}]fdr(t)exp g j; ds - ‘/;) ds"iwy(r(s"))|6[r — r(s)]
(147)
And it satisfies the following Fokker-Planck equation (for 0<s<(1-f)N)

8 * b2 9 * . *
—q (r,5) = — V¢ (r,5) —dwg(r)q (r,s) (148)
0s 6

As long as we find the tools for calculating the ensemble average densities for A and B beads,
we are ready to derive the self-consistent field theory. The self-consistent field theory is obtained
by imposing the mean-field approximation to the statistical field theory. The mean-field SCF
equations are obtained by the saddle-approximation which has the same expressions as in eq.

(101), eq. (102), and eqg. (103), but with ensemble average densities according to this section.
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6. Many-chain model for solutions of A-B diblock copolyelectrolytes

In this section, we will extend the many-chain model for diblock copolymer melts to charged
systems. In particular, we will consider A-B diblock copolyelectrolytes in a solution of
small-molecules, usually water, with presence of salt. We treat the solvent explicitly, which
interacts with polymer segments with a Flory-type interaction. The chains are again taken to be
continuous Gaussian chains and the charge distribution can be either smeared (corresponding to
strongly dissociating polyelectrolytes, e.g. PAA) and annealed (corresponding to weakly
dissociating polyelectrolytes, e.g. polyethylene-poly(acrylic acid) statistical copolymer). We also
assume that the counterions dissociated from polyelectrolytes are identical to the ions form salt
that carry the same type of charge, and denote cations by + and anions by -. Integer variables v.>0,
v. <0, and vp are used to denote the valencies of cations, anions and the ions bounded to P (=A, B)
polymer segments, respectively.

In this model, besides the potential energy for the continuous Gaussian chain and the potential
energy from the intermolecular interactions among polymer segments and solvent molecules, there
is an additional energetic contribution arisen from the long-ranged Coulomb interactions. The
Coulomb interaction is the most distinctive feature for charged systems. The Coulomb potential
acting between an ion with charge eZ; and a second ion with charge eZy, separated by a distance r

in a uniform dielectric medium, can be written

eZZjZk
u (r) = —— (149)

e
Er

where cgs units are employed and ¢ is the dielectric constant. The Coulomb potential is often

rewritten in the form

1,7 .7
u, (r) = kT 28 (150)

where

(151)

is the so-called Bjerrum length. It defines a length scale at which the electrostatic interaction is
comparable to the thermal energy kgT.

The electrostatic interaction energy can be obtained by summing the electric potential of all
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pairs of charged species across the whole system, which also has the similar general form of eq.

(53)

n n n 1 - - N N
BU,[r Ntngtny — 522]; dsj;] ds'u,(

r;(s) —1,(s"))

j=1k=1
n ’ﬂ+ N
+ZZ]; dsur’,( rj (5) - |)
j=1k=1
n o n_ N
323 [ dsu(x,(s) — )
R (152)
1 et
+5ZZUP( r, -1, |)
j=1lk=1
*ZZ—%( r - x)
j=1k=1
1 n_ n_
+§ZZUE(|rj -1 |)
j=1k=1

where n, n, and n. are the number of diblock copolymers, cations and anions, respectively. The
first to the sixth lines of eq. (152) represent the Coulomb interactions between polymer segments,
between polymer segments and cations, between polymer segments and anions, between cations,
between cations and anions, and between anions, respectively. The singular interactions of each
ion with itself included in eq. (152) only lead to a shift in chemical potential of each species that
has no thermodynamic consequence. To write eq. (152) in a compact form, it is helpful to define a

microscopic charge density

pr) = > o — 1)) (153)

p_(r) = Eé(r —r;) (154)

A0 = iy 3 ) dsbr =)+ g 3 st — 0 (155)
i=1 =1

+v,p, (r) +v p_(r)
where ax and ap are the degree of ionization for block A and block B, respectively. In writing eq.
(155), we have assumed the smeared charge distribution. The charge density operator 4, (r) isin

units of e. The system satisfies the electroneutrality condition, thus
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[0 = [ drUAaAZi: I ™ 5ot - x,(5))

+fdrvBaBifﬂi dso(r —1(s))
j=1

n N
= UAaAZfO dsfdr&(r —r;(s))
j=1
]n R
+vBaB]Z::1 ff | ds f dré(x — 1,(s))
’ILJr
+U+Zfdr6(r —r;)
j=1
+1)725fdr(r -r;)
j=1
" AN N "t
= vAaA]zjlj; ds + vBasz:lfﬂvds + v+jz;l + v_Zl
= v ,nfN +vgan(l— f)N +v,n, +v.n_
_ (156)
=0
So we have the relation between the numbers of different species:

v nfN + vgagn(l — f)N +v.n, +vn =0 (157)

The electrostatic interaction energy can thus be written

nN n,+n_1 __ 1 |~ l ~ 1
BU [e"N ety — Efdrfdr pe(r)ﬁpe(r) (158)

r-

This equality can be verified as follows
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lfdrfdr'ﬁe(r)

fﬁfﬁ %%Q:f dss(r —
%%é:f dss(r'~

fdrfdr ‘vAaAZf dsé(x — 1,(s))
+§fdrfdr' vAaA]Z:lj; dsé(r —1;(s))
+%fdrfdr' vAaAjij;desé(r —1(s))
+%fdrfdr' vAaAéﬁdesé(f —1(s))
+%fdrfdr' vBaBéf;dsé(r —1,(5))
+%fdrfdr' uBaBéffzdsé(r - 1,(5))
+%fdrfdr' vBaszn;j;:dS(s(r - 1,(5))

o a1

SiPe()

Ir*

+- fdrfdr v, p,(r |r_Br'|
+ fdrfdr'[ p(r |r_r'|
oo fafaos |r7r.|[+p+(r)]
+= fdrfdr' 5 r_r'{vﬁi(r)]
+ fdrfdr'vp |r7r'|
I Kl KT rir'
+2 fdrfdr v |r_r'|{v+p (r')]
+2 fdrfdr v |r_r|[ 5 ()]

+vBaBZf dsé(r'—1;(s)) +

v, p(r) +v_p_(r)

+vBaBZf dso(r —1;(s)) +

v, p(r) +o_p_(r)

UAaAZf dso(r'—1(s))
IUBQBZI dsé(r'—1;(s))

Ir*rl

Ir*rl

(@)
|rl3r,|[vﬁ<r'>}

|r_r'| vAaAZf dss(r' r,(s))
|r—r'| vBaBZf dss(r' r,(s))
|Z_B (0,5, ()]

|r e |{v_;z<r'>]

(159)

The sum of 1%, 2", 3 and 4" terms after the second equal sign in eq. (159) corresponds to the

first term of the right-hand side of eq. (152). Similarly, the sum of 3", 7", 9™ and 10" terms, 4™,

8" 13" and 14" terms, 11" terms, the sum

of 12" and 15" terms, and 16" terms after the second
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equal sign in eq. (159) correspond to the 2™, 3™, 4™ 5" and 6™ of the right-hand side of eq. (152),
respectively.
The potential energy from unperturbed continuous Gaussian chains is still given by (the same

aseq. (104))

2

BU,[x"Y] z [V as (160)

2b2

The short-range (e.g. van der Waals) interaction energy of the system is approximated by the
energy arisen from Flory-type interactions. Following the treatment analogous in section 5, we can

express the short-range interaction energy as

BU ™ 75) = vyx g, [ D4 (0)(x) + 09X [ i (r)pg(r) + 05X [ drp(r)pg(r) (161)
where x,, is the Flory-Huggins interaction parameter between polymer segments of type A and
type B, x,¢ Iis that between the polymer segments of type A and the solvent molecules, and

Xps IS that between the polymer segments of type A and the solvent molecules. In the above

equation, there are two additional terms describing the Flory-type interactions between polymer
segments and solvent molecules compared to eq. (114). Ineq. (161), the volumes of the statistical
segment (either of type A or B) and the solvent molecule are assumed to be identical. The

microscopic segment density and microscopic solvent density are defined to be

r) = Zn:ﬁ)ﬂv dsd[r — 1;(s)] (162)
= Lx dss[r — 1, (s)] (163)
ps®) = > 0l —x, (164)

Combining the potential energies in eq. (158), (160) and (161), we can write the canonical

partition function as

7 — 1 fdrrLN+7LS+n++'rL eXp[—ﬂUo(r"N) _ ﬁUl(rnNJrnS) _ ﬁUe(r'nN+n++'rL)]
TL"TZS‘TL 'n '()\T)nN+ng+’rL +n_
8 py = Palx) = pylr )|( [ drp, (x)
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(165)
The next task is to perform a particle-to-field transformation to the above partition function.
To present here more clearly, we will do the transformation separately. Since it is not necessary to
do transformation on Uy, we first do the transformation for U;. Upon using the identity involving a

delta functional (eq. (50)), we have

exp | —BU, (") 6[p, — (1) — py(r) — pig(r)]

= | Doy [ Doy | Do (166)
eXp[*UOXAderPA(r)PB(r) - ”oXAsfdrPA(r)Pg(r) - %XBgde”PB(I‘)PS(I‘)]

lpa(r) = pa(r)lo[pp(r) — pp(x)|o[ps(r) — ps(r)I6[py — ps(T) — pR(T) + pg(T)]

And replacing the delta functionals with their complex exponential representations, it becomes

exp| AU, (x""75) [6lp, — py(x) — py(v)]

:poApoBpoS

exp|~tyXap [ Ao (X)py (1) = vX s [ dipy(©)pg(x) = tyxs [ drp,(r)ps(r)]
[Pwyexp|i[ drw,@)(p,(x) = 74())]

[ Dwy exp|i [ drwy(x <pB<r> Py(®))]

wab exp[ fdrws — py(r ))]

[ Dnexpli [ drwg(x (po pa(®) = py(x) = py(r))]
*poApoBpoéwaAwaBwastn

exp|—tyxap [ Ao (®)py () = vX s [ dup o (©)pg(r) = tyxs [ oy (r)ps(r))|
exp ] dr [, (1), (r) + wy(r)py () + wy(r)pg(r) + w (1) (py — pa(r) = py(x) = py(r))]
exp i [ dr[w,(1)5,() + w, (1)) + ws(r)ps (1))

(167)

The exponential term with U, can be treated similarly. Upon using the identity involving the

delta functional (eq. (50)), we have
exp| AU, (e ) o [ dip, <r>>
= [ Dp, exp ——fdrfdr' <r'>]6[pe<r>—z(r)]é(fdrpe(r)

Substituting the complex exponential form of the delta functional into above equation leads to

(168)

40



exp[ —BU (r nN+n, +n } fdrp
= poe exp f—fdrfdr p,(r ngyexp[ fdrap (p,(r }fd)\exp[z)\fdrp }
= poﬁfd)\exp{z/\fdrpe ]fDapeXp ——fdrfdr r . | (r') + ifdrgo(r)pe(r)

—ngofd)\exp[—fdrp ]{fppexp +Zfdr )l

(169)

Fortunately, the functional inside the curly bracket is a typical Gaussian functional which can be

evaluated analytically. One of Gaussian integral formulas is (see Fredrickson’s book p398-399)

1 dz | dz' J(z)A N (z,2")J (")
2

foeXp

% [ da [ do' @) A,z f(@") + i [ dwd (@) f(z)

(170)

= C,exp

where A(x,x’) is assumed to be real, symmetric, and positive definite. The functional inverse of A,

Al is defined by

[ o' A,z A7 (@' 2" = 8@ — ") (171)
and the constant Cy is
Cy = foeXp féfda:fdm'f(m)A(:v,w')f(x') (172)
In our case here, A is
lB
A=_—B _ (173)
r—r|
its functional inverse is
—1 1 2
A7 = ———V3(r — 1) (174)
47rlB
and J is
J =¢(r) + A (175)

It follows that
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popexp——fdrfdrpF |r—r|pF +zfdr r) + A)p,(r)

= C, exp —Efdrfdr' o(r) + A) [_47TZB V23 — 1) |((r") + N)
= C, exp r) + A) | d'V3(r — ) (p(r!) + N)
0 87rl f (176)
= C, exp Sl +)\V2fdr'6rfr)(<p(r)+>\)
— ¢y exp ﬁ dr(ip(x) + DV2(e(x) + \)
i B
= C, exp S, r) + \)V2p(r)
The integral in the above equation can be evaluated by integrating by part
[ drlo(r) + NV3(x)
= )\de‘VZL,O(I') + fd[VLp(r o(r)
= V()| + )l >‘ — [ dele) V()
(177)
= [ de(x)V(r)
= — [ @Ver)Ve(r)
= —f dr|V<,o(r)

Inserting eq. (177) into eq. (176), we have

——fdrfdr'pp e (x') + i [ drg(r)p, (x)

(178)

1 2
=C, exp[—%fcﬁ‘|V@(r)|

f’Dp(, exp

Then the above equation is substituted into eq. (169), which leads to the final field form for

electrostatic interaction energy

exp —ﬁUe(rnN+n+ +n_

fD@fd)\C’ exp[—fdrp ]exp[——f |V(r)[

fdr[ﬁe(r)igo(r) + %|V<p r | ]

where the integration result with respect to A is absorbed into Do. In literature, an effective

= f DD, exp

(179)

Hamiltonian for electrostatic interaction energy is often used, which is just the integral inside the

square bracket in the second line of eq. (179):

gl = [ dr[ﬁe(r)iw(r) + S%ZIVW(I‘)F (180)
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Note that the real electric potential field ¢ is usually replaced by a pure imaginary variable « in

literature. In this convention, the Hamiltonian is expressed as
1 2
= dr[ w(r)| ] (181)

The negative sign is coming from the square of imaginary number i:

BH,[¢] = f dr| p,(r)ie(r) — (-1 87rl |2
~ . -2 1 2
= fdr p,(r)ip(r) — i Sl V¢(r)|

X (182)
= [ar| . @)iete) - —|V it |2]

e

It is now ready for us to finish the particle-to-field transformation. Substituting eq. (167),

= [dr| 5, (0)0(x)

(179), the partition function is given by

7 _ 1 fdrnN+nS+n++n7
nN+ng+n, +n_
nlngln, !n_ '(/\T) +

ol 5
[ Do, [ Doy [ Do fpr [ Dy [Dug

eXP[*”oXAderPA(r)PB(r) - “oXASfdrPA(r)Ps(r) - %XBSde'PB(I')Ps(I')] ~
exp [ dr[w, (r)p,y(r) + wy(r)py (1) + wy(r)pg(r) + w(r)(py — pa(r) = py(x) = pg(r))]
exp Ji [ dr[w,(1)54(x) + wy (1), (x) + wy(r)pg(r)] F

ngaDO exp'—fdr[f)e (r)ip(r) + $|V¢(r)|2 1

Rearranging the above equation in terms of r"™*"s"™,*". dependent and independent part, we have

2

(183)
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Dy
n|n 'n |n |(>\$)nN+ng+n +n_
poApoBpoSwaAwaBwaSfanDga
exp|—tyxap [ Aoy (®)py(r) = vyX s [ drpy(©)pg(x) = tyxps [ drpy(r)ps(r)]
exp ifdr{wA(r)pA(r) + wy(r)pg(r) + ws(r)pg (r) + 0(r)(py — py(r) = pp(r) — pg(r))]

7 =

1 2
— | dr V(r
exp f [87T13| o( )|
fdrnN+ns+n++n,
2
3 n N dl'j(S)
o ‘§;fo ds| =L =) = ey (0)p4(0) + w0 (0) + s (00 (0)] = [ (e
(184)

The last two lines of the above equation can be evaluated by substituting back the definition of all

microscopic density operators
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f dr"N+”S+”++W

" dr. (s
o) SO e 0,097,400 + g 130) + 0925000 f i, et
nN+ng+n, +n 3 - N drj (8) ’

,fdrN +ng+ epﬁ;‘/; s
exp —if dr wA(r)Zf dsd[r —r.(s)] + wB(r)Z j; dsdlr —r;(s)] + wS(r)Zb or — 1]

vAaAZf dsé(r —r.(s)) + vBaBZf dsé(r —r,(s))
expi—i | dr 7{: - o(r)

+U+Z(5(I‘ —r;)+ ’U,Zé(r -r;)

[ s w0
2p? 70 ds

3

= [t o S i [P ds [ de @) + vy 00 D~ xy(s)
_Zf dsfdr@B + vgapp(r ))r—r()]
xp "z’(fdrws e, j)

exp Z G [ drv oot — ]>

eXpZEfdrvw (r—r, :})

j=1 fz'fdr QB + vgage(r jfj: ds[r — r].(s)]
ljf r; exp —iwg(r Hfdr eXp —iv, j)]ﬁfdrj exp[fivicp(rj)}

n

<.
I
_

202 ds

N
— Hfdr(t)exp —zf ds @A )]+ UA(YA‘P r(s )]:
’ i ds @l + gl

ides‘MQ

= —

(185)

The three integrals in the last three lines of above equations can be interpreted as single-particle
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have

Zy = fdrexp[—iws(r)]
7z, = fdrexp[—vﬁgp(r)]

7 = fdrexp[—v_igp(r)}

We then define the normalized partition functions as in section 5 accordingly,

ﬁ:fdrexp[—iws(r)]

1 .
Qs » fdrl = ;fdrexp{—zws(r)]

N

0 ﬂ_fdrexp[—vgap(r)]
Tz, [

0 7z fdrexp[—vjap(r)]
Tz, [t

The ensemble average particle density for these three species can be calculated as
PS<I') = <ﬁ5(1‘)>
= ng (p4(x))
fdr'ﬁ}g(r)exp[—iws(r ')]
n
° fdr'exp[fz'ws(r')]
fdr S[r — ] exp[—iws(r ')]
= nS
fdr'exp[fiws(r')]
= VnC; exp[—iws (r)]
S
p.(x) = (5, (r))
=n, (7))

dr'p! (r)exp [ —v, ip(r') ]

1 .
v f dr eXp[ —vgg@(r)]

1
Vfdrexp[—va(r)}

- fdr'exp[varigo(r')}
. fdr'é[r - r']exp[fvﬁgo(r')]
’ fdr'exp{fvﬁgo(r')]

0 exp[—vﬂap(r)]

+

partition functions for the solvent molecule, the cations, and the anions, respectively. Thus, we

(186)
(187)

(188)

(189)

(190)

(191)

(192)

(193)
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(194)

. fdr'é[r - r']exp[—nga(r')]
- fdr'exp{fivjcp(r "]

exp { —v_ip(r) }

Ve

where the relation of eq. (88) has been used.

Now, let’s turn to the first term after the last equal sign of eq. (185). It should be looked
familiar though it is a rather complicated object at a first glance. In comparison with eq. (127), we
immediately find that the integral in the curly bracket of that term is just the single-chain partition

function for the charged diblock copolymer, which has the form

2

2 Vs dr(s)
2p% V0 ds
N RN
Zo =TT [ de(tyexp| i [ ds w,fx(s)] + v or,ele(s)] (195)

—zfﬂ]:: ds wyr(s)] + vyayp(r(s)]

The only different between the single-chain partition functions of the neutral diblock copolymer
and the charged diblock copolymer is the later has an additional field describing the electrostatic
interactions. Therefore, there is no need to go through the steps from eq. (128) to eq. (148) to
obtain expressions for calculating the normalized single-chain partition functions, chain
propagators, and the ensemble average density of type A segments and type B segments. Just
replacing wp by

w, + v, (196)
and replacing wg by

wy + vpapp (197)
Here, we only summarize the final results:

The statistical field theory for diblock copolyelectrolyte solutions is

7 = poApoBpoSwaAwaBwaSfanD(,Qexp(—H) (198)

where
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H = fdl‘[vOXABpA(I‘)pB(I') + 1y Xa5P4(T)Ps () + VX pspp(r)pg(r)
i, (€Y (6) — i () () — g () )
—in(r)(py = pa(r) = pp(r) = ps(r)) (199)

]
—nn@Q, —nglnQy —n, InQ, —n_InQ_
and the prefactor Z, is unimportant.

The normalized single-chain partition function can be calculated by

Q = 5 [ dratrs)a(e. ¥ — )

1 (200)
= _fdrq(rvN)
or equivalently by
1 *
Qn = —fdrq (r,s)q (r,N —s)
K (201)
where the propagator q is determined by the following modified diffusion functions
By(r, s) EVQq(r, s) — [iw,(r) + va,ip(r)]g(r,s), if s < fN
%’: ; (202)
T | Vi) — liwg(n) + wpeie(la(r, ) i 5 > N
and the complementary chain propagator g is determined similarly by
b2 9 * . . * .
9 . —V7q (r,5) — [iwy(r) + vgogip(r)lg (v,s), if s < (1 - fN)
5.0 () = 6 (203)
S

Ev%m@fmwm+%%wwymgﬁsgafm)

The ensemble average segment densities of A and B segments are constructed by composing
forward and backward propagators (propagator and complementary propagator), giving rise to the

expressions

f dsq(r,s)q (r,N — s) (204)

VQC f dsq(r,s)q (r,N — s) (205)

Note that each field variable appearing in eq. (199), (202), and (203) is associated with the
imaginary number i. Thus we can absorb i into field variables which results in pure imaginary
fields. With these changes, eq. (199), (202), and (203) become
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H = fdr[vOXABpA(I‘)pB(I') + 1y Xa5P4(T)Ps () + VX pspp(r)pg(r)
—wy(r)p(r) — wy(r)pp(r) — wy(r)py(r)
=) (py = p4(r) = pp(r) — py(r)) (206)

1 2
g | V()| ]

—nn@Q, —nglnQy —n, InQ, —n_InQ_

b2

aq(r, ) _ EQV%](I-7 §) = [w,(r) + v a,U(r)lg(r,s), if s < fN (207)
ds %VQq(r, s) — [wy(r) + vyagd(r)lg(r,s), if s > fN
o . b—V2q*(r, s) — [wy(r) + vBan(r)]q*(r, s),if s < (1 — fN)
(r,s) =16 (208)

TV (1,8) — [, (1) + g0, 0l (18 i 5 < (1= )

8_5q
The self-consistent field theory is obtained by imposing the mean-field approximation to the
statistical field theory. The mean-field SCF equations are obtained by the saddle-approximation,

where one sets

ot _

0 (209)
opy
S (210)
opg
o 211)
opg
o _ (212)
on
o _ (213)
5

The first four variations of in above equations can be easily done, leading to the following four

equations
W, (1) = 1 X 50 () + UyXagPs(E) + 1(T) — é%' (o) (214)
) = aneale) + asps(®) 4 ) — o O Vot (215)
(1) = X5 (F) + X () + ) Siw;’p—w o) (216)
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po = 4(0) = pp(x) = ps(r) = 0 (217)
while the last one is much more complicated. There are four terms in H of eq. (206) are

dependent, and their variations with respectto  are evaluated as follows

1
6fdr[—ﬁ|vw(r)|2]

1 1
= —S—Wfdrs(r) |V Y(r) + & H + S—Wfdre(r) |V¢(I‘)|2
=~ [ arse)|[Vute) + Vol |+ [aree) [Voto)f
1 1
- f dre(r)| | Vo)[" + 2V () Vew + |V6¢|2] e f dre(r) | V() (218)
1
= —4—7der€(r)vw(r)v5d)
1
== f de(r)V(r)
1 .
= ——[ove Vo) 1, ~ [ vV
1
= f drV[e(r)Veb(r) |5
It follows that
1) 1 2 1
o dr[__&rlg |Vu(r)| ] = - VIV ) (219)

The other variations are
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Qo
3 N lde(s)
i o
n 6 N
= _chcoﬁfDrexp —fON ds wy[r(s)] 4+ v 0, [r(s)]
[ s wplr()] + vgagylr(s)]
3 |6
262f ! ds
— _%f’l)r%exp —f ds UJA +UAaAw[ ( )]
_ f ds @B )] + vgapir(s)] )
REREN Ol
2b2f d‘ ds
= —%fDrexp —f ds @A s)] + v a,Yx(s)] )
7f ds Qplr(s)] + vyadlr(s)] )
[ f ds @A ]+ v 40, ¢0x( ) LNdS @B |+ vpagyle(s )]j)
[
2b2f “Ias
n N
:Zf’Drexp fff ds@A +UACYA'¢ ()]/)
_f ds Qplr(s)] + vyadfr(s)] )

6

o

Continued by

(220)

j;fN ds Qulr(s)] + vyay [ Al —x(s) ) ﬂjz ds Qylr(s)] + vy [ dri(r)sfe — x(s) j]
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2

N

_3 f d dr(s)
2b2 ds

:%fDrexp —f ds w,[r(s)] + v e, Pfr(s)]
—f ds wylr(s)] + vgagYr(s)]

6 pIN
%fo dstaAfdmp(r)é[r —1(s f dszandm/J Or — r(s
BERET Ol
20? f s ds

V

:%waij@@l )] + va0,00x(s)] ]
[ 1 5 @lx(s)) + vyapin(9) ]

v

5 )
v 0y %fdrw f dsé[r — r(s)] + vgap 6¢fd1‘¢(r)j;zd35[r —1(s)]

fif ds dr_(s)
20?70 ds
N
= —fDrexp —j;) ds @A[I‘(S)] + UACYAT/)[I'(S)] ,)
N ~
I ds Qpr(s)] + vyaplr(s)] )

3 PN

S
N N

ZUAQA% f Drp!, (r)exp| — f ds @ [r(s)] + v, Ur(s)] |

[ d5 Glx(s)) + vyapvin(s) ]

3 pN

_§f d ds
tugay 7 [ Dephe)exp — [ ds @9 + wj0wir(o)] ]
[ 5 Glr(o)] + vperguie()]

V

(221)

v

V

4

v

= vy0,p,(r) + vpoppp(r)

and

52



(222)

and

VO op ' (223)

Combining eq. (206), eq. (213), eq. (219), (221), eq. (222), and eq. (223), we have

1

7 VeVl = —vy0404(r) + vpagpp(r) + v p, (r) +v_p_(v)] (224)

This is a Poisson-Boltzmann equation with variable coefficient in the Laplacian which is typical in

equilibrium electrostatic systems.
Revision 1: 2011.3.8

the derivation of Flory-Huggins interaction parameter

see Kumar, R.; Muthukumar, M. J. Chem. Phys., 2007, 126, 214902
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